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ABSTRACT

This paper proposes an efficient and reasonably accurate
method simulating multiply scattered light emitted from
spot or beam light sources. This method utilizes the nar-
row beam theory, which analytically approximates multiple
scattering phenomena for concentrated beam light sources.
Although its naive straight-forward application does not al-
lows satisfactory image synthesis, we successfully adopted
the theory into a ray-marching scheme and obtained much
improved results.

1. INTRODUCTION

Realistic rendering of participating media is necessary in
many scenes. For example, shafts of light from headlights
are important to render foggy night scenes. The light is scat-
tered in participating media by particles, and we see bright
particles that scatter light, forming shafts of light. The ap-
pearance of the shafts of light changes according to scatter-
ing properties such as density and albedo of the particles.

Although single scattering can be easily simulated by line
integrals in real-time, rendering multiple scattering scenes
has been hard to perform in real-time because this requires
to solve the volumetric rendering equation. [1], Although
the equation can be solved by stochastic methods such as
Monte-Carlo ray-tracing and volume photon mapping [2],
these methods are computationally expensive for real-time
applications.

Recently, the narrow beam theory was introduced to the
graphics field and successfully applied to image blurring
due to multiple scattering [3]. Yuasa, et. al., attempted to ap-
ply the theory to shaft of light rendering [4]. Unfortunately,
however, their direct application of calculated intensity dis-
tributions could not capture visual features of light shafts,
as seen in later sections. This paper adopts a ray-marching
scheme to improve the narrow beam solutions and applied
to shaft of light rendering. We made comparisons between
the results from the proposed method and path-tracing, and
reasonable agreements were confirmed.

The main progress over the previous work is that we cou-
pled the heuristic narrow beam function [3] with the ray-
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Figure1: Coordinate system and experimental arrangement.

marching scheme and made significant improvements over
the straightforward method [4].

2. NARROW BEAM THEORY

This section gives a brief introduction to the narrow beam
theory [5]. The major symbols used in the equations are
listed in Table 1, and the associated coordinate system is
shown in Figure 1.

The light transport equation for intensityI(r̂, ŝ) can be
expressed by

(∇ · ŝ)I(r̂, ŝ) = −(ρnσt)I(r̂, ŝ) +

(ρnσs)
∫

4π

p(ŝ, ŝ′)I(r̂, ŝ′)dŝ′, (1)
∫

4π

p(ŝ, ŝ′)dŝ′ = 1, (2)

whereŝ andr̂ represent the direction and position in 3D,ρn

is the density of the media,σt andσs are the extinction and
scattering coefficients, andp() is the phase function normal-
ized to1. The integral domain4π indicates the unit sphere,
and integral domains are infinite unless explicitly specified.

We set the intensityI to be the sum of the direct compo-
nentIri and indirect componentId

I = Iri + Id.

Let us assume that
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Table 1: Symbols used in narrow beam theory.

r̂, r, z position(r̂ = r + zẑ)
ŝ, s direction(ŝ = s + ẑ)
σt extinction coefficient
σs scatteringcoefficient
σa absorptioncoefficient (σa = σt − σs)
ρn particledensity
ζ integral ofρn along path
τ opticaldepth (τ= σtζ)
κ Fourier variable corresponding tos
q Fourier variable corresponding tor

p(s) phasefunction
P (κ) Fourier transform ofp

I0(r, s) incidentlight distribution
F0(κ, q) Fourier transform ofI0

• theintensityI is concentrated near thêz direction (i.e.,
ŝ · ẑ = cos θ ' 1);

• the variation in the phase function is smooth, allowing
Id to be approximated by a second-order Taylor ex-
pansion in direction̂s in the spherical integral in Equa-
tion (1).

Note that these assumptions may suffer accuracies in direc-
tional distributions as discussed in the next section.

We also assume the following situations to obtain explicit
solutions:

• there is only one type of scattering particles in the me-
dia andσt, σs, andp(s, s′) do not change in space;

• the scattering media are structured into layers, and the
particle density may change along thez axis, described
asρ(z).

We set
r̂ = r + zẑ, ŝ ' s + ẑ,

where ẑ is the unit vector in thez direction. Using this
approximation, the spherical integral witĥs in Equation (1)
can be approximated by a planar integral with a 2D vectors.
We also assume an axially symmetric phase function around
the forward direction:

p(s, s′) = p(|s− s′|). (3)

Using these simplifications, the integro-differential equa-
tion in Equation (1) can be replaced by a second-order par-
tial differential equation. Using Fourier transform, we can
obtain the solution as

Iri(z, r, s) = 1/(2π)4
∫ ∞

−∞
dκ

∫ ∞

−∞
exp(−iκ · r) · exp(−is · q) ·

F0(κ, q + κz) · exp(−σtζ(z))dq, (4)

Id(z, r, s) = 1/(2π)4 exp(−ρnσaz)
∫

Fd(z, κ, q + κz) ·

exp(−is · q)dq

∫
exp(−iκ · r)dκ, (5)

Fd(z, κ, q) = σtF0(κ, q)
∫ z

0

ρn(z′)P (q − z′κ)

exp(−σsζ(z′)) exp(−q2Â(z, z′))dz′, (6)

ζ(z) =
∫ z

0

ρn(z′)dz′, (7)

τ(z) = σtζ(z), (8)

Â(z, z′) =
∫ z

z′
A(z′′)dz′′, (9)

A(z) = ρn(z)(σs/4) < θ2 >, (10)

< θ2 > =
∫

4π

θ2p(s)ds/

∫

4π

p(s)ds, (11)

where< . > represents an average,i indicates the imagi-
nary unit,F0 is the Fourier transform of the incident light
distributionI0(r, s)

F0(κ, q) =
∫

exp(iq · s)ds

∫
I0(r, s) exp(iκ · r)dr,

andP is the Fourier transform of the phase functionp. τ(z)
indicates optical depth atz, andκ andq are the Fourier vari-
ables corresponding tor ands, respectively. Integrals with-
out a specified domain are planar integrals over the whole
plane.

For more details, readers are invited to refer to the book
of Ishimaru [5].

3. DISTRIBUTION FUNCTION FOR GAUSSIAN
BEAMS

3.1. NARROW BEAM APPROXIMATION

In previous work [3], distribution functions for an incident
ray were presented. Since we aim to evaluate the distribu-
tion of light emitted form a spot light source, let us assume
a Gaussian light distribution as:

I0(r, s) = 1/(4πBl) exp(−|s|2/(4Bl))δ(r).

The phase function is assumed to be Gaussian and is set to

p(s) = 1/(4πB) exp(−|s|2/(4B)), (12)

Then, both Fourier transforms have analytical forms,
such that

F0(κ, q) = exp(Bl|κ|2), (13)

P (q − z′κ) = exp(−B(q − z′κ)2). (14)

Proceedings of the Fifth IIEEJ International Workshop 
on Image Electronics and Visual Computing 2017 
Da Nang, Vietnam, February 28- March 3, 2017



Puttingthese expressions into Equation (5) yields a line in-
tegral

Id(z, r, s) = KG(z) exp
{−|s|2/(4Σ2

G)
} · π2

∫ z

0

dz′ exp(−ρnσsz
′)/(Σ2

G(z′) · C2(z′))

exp{−(r + (−z + Bz′/Σ2
G(z′)s)2

/(4C2(z′))},
= KG(z) · π2

∫ z

0

exp(−s2/(4Σ2
G)) exp(−ρnσsz

′)

1/(Σ2
G(z′) · C(z′)2) ·

exp(−(ρ + (−z + (Bz′/Σ2
G))s)2/(4C2))dz′,

(15)

where

Â(z, z′) = (σtB)(ζ(z)− ζ(z′)), (16)

Σ2
G(z′) = B + Bl + Â(z, z′), (17)

C2(z′) = Bz′2[1−B/Σ2
G], (18)

KG(z) = (1/2π)4σs exp(−ρnσaz). (19)

The direct componentIri can be calculated from

Iri(z, r, s) = (1/4πBl)(1/z2)δ(ρ/z − s)
exp(−s2/(4Bl) exp(−τ(z)). (20)

Note thatτ = (ρnσt)z whenρn is constant.

3.2. DIRECT INTEGRATION FOR BEAM SHAFTS

Eq. (15) suggests that, by setting(r, z) as a camera position
and ŝ as the pixel direction, we can generate images of a
light shaft by evaluating the integral. Yuasa, et. al., followed
this idea and attempted image synthesis of spot light scenes.
Fig. 4 shows synthesized images by (a) path-tracing (refer-
ence), (b) single scattering and (c) evaluations of Eq. (15).
In (c), a circular bright spot is seen around the light source
and very diffrent from that in the reference image (a). This
is unnatural because the sight is almnost outside of the spot
light.

This observation could be qualitatively understood in the
following way. As descrived Section 2, the theory assumes
that the changes inId be mild and can be quadratically ap-
proximated by:

Id(z, ρ, s + s′) ' Id(z, ρ, s) + s′ · ∇sId(z, ρ, s)
+(1/2)(s′ · ∇s)2Id(z, ρ, s). (21)

Since the direct integration Eq. (15) is a solution of partial
differential equations based on the approximation Eq. (21),

the calculatedId is also a quadratic with respect to direc-
tion ŝ in theory. Although, for example, the single scatte-
ing component is very sharp and asymmeric with direction
as shown in Fig. 4-(b), the direct integration cannot capture
such features. This suggests that we cannot expect too much
to Eq. (15) when variation in̂s is critical. Fortunately, pre-
vious work [3] found statistical values integrated overŝ ,
such as averages and variances, can be well approximated
by the theory through a heuristic function. Let us follow
their approach.

3.3. HEURISTIC DISTRIBUTION FUNCTION

As described in [3], the zeroth- to second-order moments of
Id, Mi, can be easily estimated by line integrals, as:

M0(z) = exp(−σaζ(z))(1− exp(−σsζ(z))), (22)

M1(z) = 0, (23)

M2(z) = 4
∫ z

0

dz′(ρn(z′)σs) exp(−σsζ(z′))
[
C(z′)2 + (z −Bz′/Σ2

G(z′))2Σ2
G(z′))

]
.(24)

It is also shown that the infinite integral of a Gaussian
function (also known as the error function)G,

G(x) = 1/
√

2π

∫ ∞

x

exp(u2/2)du, (25)

is a good approximation of the distribution functionΨ,

Ψ(z, r) =
∫

Id(r − r′, s′)ds′, (26)

when it has the same moment values up to the second order
[3]. This condition is satisfied by setting:

Ψ(z, r) = α(z)(1/|r|)G(|r|/β(z)) (27)

α(z) = 2M0/β2(z), (28)

β2(z) = 3(M2(z)/M0(z)). (29)

SinceΨ(z, r) is the total flux, we still need its angular
distribution. It is known that the “multiply scattered phase
function” approximates angular distribution after multiple
scattering [6], defined as:

PMS(θ) = (1/NPM )p(θ/
√

1− exp(−l)), (30)

d = z′ + d2, (31)

l = σsd, (32)

ŝ = (r̂ − r̂z)/|r̂ − r̂z|, (33)

and we set

Id(z, r, s) ' PMS(θ)Ψ(z, r). (34)
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3.4.RAY MARCHING WITH THE HEURISTIC DIS-
TRIBUTION FUNCTION

To improve the acuracy in directions, we couple the heuris-
tic distribution function Eqs. (24) to (29) with the ray-
marching equation. This, at least, enables to capture single
scattering terms by integrating contributions from the direct
light Iri. In addition, we can generally expect further im-
provements in the following sense.

The light transport equation (1) can be solved iteratively,
and then-th solution is obtained by an integral over the sight
line Csight (Fig. 1), as:

I(n) =
∫

Csight

[exp(−d(l′))σs

∫

Ω

p(s, s′) ·

I(n−1)(l′, s′)ds′]dl′ + I0(l, s), (35)

= LI(n−1), (36)

whereL represents a linear integral operator that maps a
functionI(n−1) to I(n). The complete solutionI(∞) can be
regarded as the fixed point ofL. By repeatedly applyingL
n-times to any function that satisfy the boundary condition,
i.e., light sources, the approximated solutionI(n) tends to
the exact oneI(∞). This implies that, generally speaking,
the operatorL refines approximated solutions.

Applying the ray-marching operatorL to the narrow
beam solustion,Ir + Id yields:

Ibeam =
∫

Csight

[exp(−τ(l′))σs(
∫

Ω

p(s, s′)Irids′)

+Id]dl′ + I0(l, s). (37)

This actually improves the acuracy and can be efficiently
implemented as the next section describes.

4. METHOD

This section describes implimentation issues of the pro-
posed method. To render shafts of light, we calculate the
line integral, Eq. (37), per pixel. As shown in Fig. 2-(a),
pointsr̂i is sampled along the viewing ray path, andIri and
Id are calculeted to sum up the integral. We implemented
this calculation in three steps:

• calculation of the beam parameters,α(z) andβ(z), ac-
croding to Eqs. (28) and (29),

• setting the integration interval̂r0 to r̂n,

• calculateIri(r̂i) andId(r̂i) according to Eq. (34) and
sum them up.

The first step was implemented on a CPU as a pre-
process, while the second and third ones on a GPU executed
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(a) Sampling scheme. 
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(b) Example of the boundary tube. 

Figure2: Sampling scheme and the boundary tube example.

every frame. To reduce unnecessary integral computation,
we set a boundary tube and evaluate the integral only inside
the tube.

4.1. PRE-PROCESS

For each light beam, we descretize the beam axis, and
at sample pointzi, we evaluate beam parameters using
Eqs. (24), (28) and (29). Although it is desireable to in-
crementally sum up the moment atzi, M2(zi) as:

M2(zi+1) = M2(zi) + δM2, (38)

the incremental termδM2 depends on all0 < z < zi as:

δM2 =
i∑

j=0

(ρn(zj)σs) exp(−σsζ(zj))[C(zi)2

+(zi −Bzj/Σ2
G(zj))2Σ2

G(zj))]δz, (39)

whereδz is the sampling interval. This apparently involves
i-times calculations for thei’th evaluation, and thus, naive
implimentations costO(n2) to evaluate it fromz0 to zn.
Fortunately, however, we can re-organize Eq. (39), so as to
allow us to evaluate in a linear order.
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Putting Eqs. (18) and (17) into Eq. (39) and arranging
terms according to dependencies onzj yields:

δM2(zi) = (B + Bl + σsBζ(zi))F1 +
(−2Bz)F2 + BF3 + (−σsBz2)F4(40)

F1(zi) =
i∑

j=0

E0δz, (41)

F2(zi) =
i∑

j=0

E0zjδz, (42)

F3(zi) =
i∑

j=0

E0z
2
j δz, (43)

F4(zi) =
i∑

j=0

E0ζ(zj)δz, (44)

E0 = ρ(zj)σs exp(−σs ∗ ζ(zj)). (45)

Using these formulae, the integral can be performed in an
incremental manner by:

F1(zi) = E0δz + F1(zi−1), (46)

F2(zi) = E0ziδz + F2(zi−1), (47)

F3(zi) = E0z
2
i δz + F3(zi−1), (48)

F4(zi) = ζ(zi)δz + F4(zi−1), (49)

δM2(zi) = ((B + Bl) + σsBζ(zi))F1(zi) +
(−2Bz)F2(zi) + BF3(zi) +
(−σsBz2)F4(zi) (50)

M2(zi) = M2(zi−1) + δM2, (51)

M0(zi) = exp(−σaζ(zi))
(1− exp(−σsζ(zi))) (52)

The beam parameters atzi are then calculated by:

β2(zi) = 3(M2(zi)/M0(zi)) (53)

α(zi) = 2M0(zi)/β2(zi). (54)

This step also determines the boundary tube that specifies
the integral intervals. Given a thresholdΨth, we search the
smallest radiusrth

i such that:

Ψ(zi, r
th
i ) < Ψth, (55)

for eachzi and construct the boundary tube usingrth
i as the

radius of the tube atzi. Fig. 2-(b) shows an example.

4.2. RUN-TIME PROCESS

The run-time process was implemented on a GPU in two
passes. In the first pass, we draw the boundary tubes
from the view point and keep their maximum and minimum
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Figure3: Comparisons of calculated distribution functions
(Ψ). σt = 1.0, σs = 0.95, anddθ = 40 degs.

depths. In the second pass, we set up the integral interval
l0 andle at each pixel according to the maximum/minimum
boundary depth values. Then, the integral is evaluated by
summing up

Ibeam =
∑

i

[exp(−τ(li))σs(p(s, s0)Iri(li) +

Id(zi, ri)]δl (56)

Id(zi, r̂i) ' PMSΨ(zi, ri) (57)

Ψ(zi, r̂i) = α(zi)(1/|ri|)G(|ri|/β(zi)), (58)

r̂i = liŝ + ê (59)

whereê andli denotes the view point and the distance be-
tween the view point and sample point, andδl represents the
sampling interval.

5. EXPERIMENT

We evaluated distribution functionsΨ by: (a) photon count-
ing (reference), (b) single scattering, (c) direct integration of
Eq. (15), (d) the proposed method based on Eq. (27). Fig.3
shows as color-coded the distributions measured by the four
methods. As seen in the figure, the proposed method pro-
vides a much better result (RMS= 0.20) than those from the
direct integral (RMS= 0.31) and from the single scattering
method (RMS= 0.36).

Fig.4 shows rendered images of a beam in a uniform scat-
tering medium by: (a) path-tracing, (b) the direct calculation
(Eq. (15)), (c) the single-scattering approximation, and (d)
the proposed method. As seen in the figure, although the
direct calculation does not provide good approximation, the
proposed method created better result (RMS=0.18).

We implemented the method on a GPU. Fig.5 shows an
example result, showing a city with red laser beams shoot-
ing upperward. The computation time was 160 msec for
light shaft rendering (90 msec for other rendering), on a
Windows PC (Intel Core i7-3770K @3.50GHz, GeForce
GTX 690), at the resolution of 640× 480. We consider
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(a) path tracing (b) single tracing 

(c) direct integral (d) proposed method 

Figure 4: Comparisons of generated images of a shaft of
light. A beam source is located in left-middle of the image.
σt = 1.0, σs = 0.95, anddθ = 40 degs.

it possible to reduce the computation cost by tightening the
boundary tube, which is currently rather loose (Fig. 2-(b)).
We also consider that another important factor would be
sampling strategies of the integral. Although we currently
apply a simple uniform sampling, better adaptive sampling
could reduce the number of samples while avoiding aliasing
artifacts.

There are a few limitations on the method. The method
only deal with a Gaussian or sum of Gaussian beams and
can not handle sharp-cut spot lights. Another limitation
is that the method does not correctly handle shadowing: it
simply skip shadowing regions from the integral intervals.
Future stadies include to ease these limitations in addition
to further acceleration of the method.

6. CONCLUSION

This paper proposed an efficient and reasonably accurate
method simulating multiply scattered light emitted from
spot and beam light sources. This method utilizes the nar-
row beam theory, which analytically approximates multiple
scattering phenomena for concentrated beam light sources.
Although naive applications of the theory does not allows
satisfactory image synthesis, we successfully adopted the
theory into a ray-marching scheme and obtained much im-
proved results.

Figure 5: An example image generated by the proposed
method.
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