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ABSTRACT

This paper proposes an efficient and reasonably accuratt
method simulating multiply scattered light emitted from

spot or beam light sources. This method utilizes the nar-

row beam theory, which analytically approximates multiple
scattering phenomena for concentrated beam light sources
Although its naive straight-forward application does not al-
lows satisfactory image synthesis, we successfully adoptec
the theory into a ray-marching scheme and obtained much
improved results.

1. INTRODUCTION

Realistic rendering of participating media is necessary in
many scenes. For example, shafts of light from headlights
are important to render foggy night scenes. The light is scat-
tered in participating media by particles, and we see bright
particles that scatter light, forming shafts of light. The ap-
pearance of the shafts of light changes according to scatter
ing properties such as density and albedo of the particles.
Although single scattering can be easily simulated by line
integrals in real-time, rendering multiple scattering scenes

has been hard to perform in real-time because this requires

to solve the volumetric rendering equation. [1], Although
the equation can be solved by stochastic methods such a
Monte-Carlo ray-tracing and volume photon mapping [2],
these methods are computationally expensive for real-time
applications.

Recently, the narrow beam theory was introduced to the
graphics field and successfully applied to image blurring
due to multiple scattering [3]. Yuasa, et. al., attempted to ap-
ply the theory to shaft of light rendering [4]. Unfortunately,
however, their direct application of calculated intensity dis-
tributions could not capture visual features of light shafts,
as seen in later sections. This paper adopts a ray-marchin
scheme to improve the narrow beam solutions and applied
to shaft of light rendering. We made comparisons between
the results from the proposed method and path-tracing, an
reasonable agreements were confirmed.

The main progress over the previous work is that we cou-
pled the heuristic narrow beam function [3] with the ray-
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Figurel: Coordinate system and experimental arrangement.

marching scheme and made significant improvements over
the straightforward method [4].

2. NARROW BEAM THEORY

This section gives a brief introduction to the narrow beam

theory [5]. The major symbols used in the equations are
listed in Table 1, and the associated coordinate system is
shown in Figure 1.

The light transport equation for intensify(7, §) can be
xpressed by
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wheres andr represent the direction and position in 38,

is the density of the media,; andc, are the extinction and
scattering coefficients, and) is the phase function normal-
ized tol. The integral domaidr indicates the unit sphere,
nd integral domains are infinite unless explicitly specified.
We set the intensity to be the sum of the direct compo-

J1entIm- and indirect componery

I=1,+1,

Let us assume that
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Table 1: Symbols used in narrow beam theory. / exp(—ik - 1) - exp(—is - q) -

F,r, 2z | position(7 = r + 22) Fy(k,q + K2) - exp(—04((2))dg, 4)
5 s direction(s = s + 2) 7 /(27 exp(— /F 4 K2) -
o extinction coefficient alz 7, s) /(@m)"exp(=pnoaz) | Falz k. q+ K2)
O scatteringcoefficient e o
Oa absorptiorcoefficient (¢, = oy — 05) exp(—is q)dq/eXp( i - r)dr, ©)
Pn particledensity F B 7 "z np ,

¢ integral of p,, along path a(z,k,q) = oiFo(k,q) o pn(2")P(q — 2'K)
T opticaldepth (7= o.() _ ' 923 / /
K Fourier variable corresponding to eXE( os0(Z) exp(=" Az, 2))d, ()
q Fourier variable corresponding o C(z) = / pn(z/)dzl, (7
p(s) phasefunction 0
P(k) | Fourier transform op T(z) = o((z (8
Io(r,s) | incidentlight distribution fooon / oy
Fy(k,q) | Fourier transform of Alz7) = Alz ®)
A(z) = pa(2)(os/4) < 6% > (10)
. - o <0?> = 0%p( ds// (11)
¢ theintensity! is concentrated near thedirection (i.e., A

§-2=cosf ~1); where< . > represents an averageindicates the imagi-
e the variation in the phase function is smooth, allowing "ary unit, Fy is the Fourier transform of the incident light
I, to be approximated by a second-order Taylor ex- distribution/o(r, s)

pansion in directiors in the spherical integral in Equa- ) ,
tion (1). Fy(k,q) = /exp(zq . s)ds/[o(r, s)exp(ik - r)dr,
Note that these assumptions may suffer accuracies in direcand P is the Fourier transform of the phase functjorr(z)
tional distributions as discussed in the next section. indicates optical depth at andx andq are the Fourier vari-
We also assume the following situations to obtain explicit ables corresponding teands, respectively. Integrals with-
solutions: out a specified domain are planar integrals over the whole
plane.

o there is only one type of scattering particles in the me-

. , : i For more details, readers are invited to refer to the book
dia andoy, o, andp(s, s’) do not change in space;

of Ishimaru [5].

¢ the scattering media are structured into layers, and the
particle density may change along thaxis, described 3. DISTRIBUTION FUNCTION FOR GAUSSIAN
asp(z). BEAMS

Weset ) . ) 3.1. NARROW BEAM APPROXIMATION
r=r+4zz, sS>~8+ 2z,

In previous work [3], distribution functions for an incident
ray were presented. Since we aim to evaluate the distribu-
tion of light emitted form a spot light source, let us assume

f Gaussian light distribution as:

where % is the unit vector in the: direction. Using this
approximation, the spherical integral wi¢hn Equation (1)
can be approximated by a planar integral with a 2D vegtor
We also assume an axially symmetric phase function aroun

the forward direction: Io(r,s) = 1/(4wBy)) exp(—|s|*/(4B;))(r).
p(s,s') =p(ls - &|). 3 The phase function is assumed to be Gaussian and is set to
Using these simplifications, the integro-differential equa- p(s) = 1/(47B) exp(—|s|?/(4B)), (12)

tion in Equation (1) can be replaced by a second-order par-
tial differential equation. Using Fourier transform, we can
obtain the solution as

4 [T Fo(k,q) = exp(Bi|&|?), (13)
1/(27T) / dk P(q _ Z/K‘,) _ eXp(—B(q _ Z/K',)Q). (14)

— 00

Then, both Fourier transforms have analytical forms,
such that

I.i(z,7,8) =
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Puttingthese expressions into Equation (5) yields a line in- the calculated, is also a quadratic with respect to direc-

tegral tion § in theory. Although, for example, the single scatte-
ing component is very sharp and asymmeric with direction
Iy(z,r,s) = Ka(z)exp{—|s]*/(45g)} - * as shown in Fig. 4-(b), the direct integration cannot capture

Sy , 5 . such features. This suggests that we cannot expect too much
/0 dz" exp(=pnos2') [(E5(2) - C7(2))) to Eq. (15) when variation i is critical. Fortunately, pre-
' _ _ L a2 f N A2 vious work [3] found statistical values integrated over
exp{—(r + (-2 + B2'/3g(2)s) such as averages and variances, can be well approximated

J(4C*(2))}, by the theory through a heuristic function. Let us follow
= Kg(z) 72 their approach.
¢ 2 2 /
/0 exp(=s"/(45¢)) exp(=pn0sz) 3.3. HEURISTIC DISTRIBUTION FUNCTION
1/(Z%(2) - C(z)%) - As described in [3], the zeroth- to second-order moments of
exp(—(p+ (—z + (B /X%))s)?/(4C?))dz’, 14, M;, can be easily estimated by line integrals, as:
15
B M) = exp(-oul(2)(1 —exp(-0C(2)), (22)
where Mi(z) = 0, (23)
A(z,2) = (0:B)(((2) — ¢(2)), (16) My(z) = 4 /O dz'(pn(2')os) exp(—0as((2))
Y6(<) = B+ Bt A2, (17) [C(/) + (= = B2 [S5(2)*S%(2))[24)
C*(') = Bz?[1-B/3E], (18) , o ,
Ka(z) = (1)2n)%0, exp(—pnoaz). (19) It is also shown that the infinite integral of a Gaussian

function (also known as the error functiofi)
The direct component.; can be calculated from

G(x) = 1/m/% exp(u?/2)du, (25)

Li(z,r,8) = (1/4nB))(1/2*)d(p/z — s)
exp(—s?/(4B;) exp(—7(2)). (20) is a good approximation of the distribution functign
Note thatr = (p,.01)z whenp,, is constant. Uz r) = /Id(r ), (26)
3.2. DIRECT INTEGRATION FOR BEAM SHAFTS when it has the same moment values up to the second order

. . [3]. This condition is satisfied by setting:
Eq. (15) suggests that, by settifyg 2) as a camera position

and s as the pixel direction, we can generate images of a U(z,7) a(2)(1/|r))G(|r]/B(2)) (27)
light shaft by evaluating the integral. Yuasa, et. al., followed Mo/ B2 (2) (28)
this idea and attempted image synthesis of spot light scenes. ) ’

Fig. 4 shows synthesized images by (a) path-tracing (refer- p°(z) = 3(Ma(z)/Mo(2)). (29)
ence), (b) single scattering and (c) evaluations of Eq. (15).
In (c), a circular bright spot is seen around the light source
and very diffrent from that in the reference image (a). This

is unnatural because the sight is almnost outside of the spo

Q
=
w
N

|

Since¥(z, r) is the total flux, we still need its angular
distribution. It is known that the “multiply scattered phase
Iunction” approximates angular distribution after multiple
scattering [6], defined as:

light.
This observation could be qualitatively understood in the
following way. As descrived Section 2, the theory assumes Pualf) = (1/N 0/+/1 — exo(—1) 30
that the changes ify; be mild and can be quadratically ap- s c)l _ (,/ ;M)p( / p(=1)), (31)
proximated by: = 2t 232;
Il = o4,
La(z,ps+8') =~ Ii(z,p,8) +5 - Vsla(zp,s) 5 = (F—r)/IF =1, (33)

+(1/2)(s" - V)2 14(2, p, s). (21) and we set

Since the direct integration Eq. (15) is a solution of partial
differential equations based on the approximation Eq. (21), Ii(z,7,8) ~ Pys(0)¥(z,7). (34)
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3.4.RAY MARCHING WITH THE HEURISTIC DIS- view point
TRIBUTION FUNCTION <

To improve the acuracy in directions, we couple the heuris- o
tic distribution function Eqs. (24) to (29) with the ray- :

marching equation. This, at least, enables to capture single i . light source
beam axis | ,

scattering terms by integrating contributions from the direct AN—_
light I,.;. In addition, we can generally expect further im- |
provements in the following sense.

The light transport equation (1) can be solved iteratively,

and then-th solution is obtained by an integral over the sight

line Cyign: (Fig. 1), as: @ Sumpie sehene
m = / [exp(—d(l/))ffs/p(svsl)'
Csigh,t Q
[0, $)ds'dl + (L), (35)
() (36)

where £ represents a linear integral operator that maps a
function (=1 to 1™). The complete solutiofi>) can be
regarded as the fixed point df By repeatedly applying
n-times to any function that satisfy the boundary condition,
i.e., light sources, the approximated solutibft) tends to

the exact ond(>). This implies that, generally speaking,
the operatolC refines approximated solutions.

Applying the ray-marching operatof to the narrow  Figyre2: Sampling scheme and the boundary tube example.
beam solustion],. + I yields:

(b) Example of the boundary tube.

every frame. To reduce unnecessary integral computation,
[heam - — / [eXp(—T(l/))US(/ p(s,s')I;ds") we set a boundary tube and evaluate the integral only inside
Csignt Q the tube.
+1)dl’ + Io(l, s). (37)
This actually improves the acuracy and can be efficiently 4.1. PRE-PROCESS

implemented as the next section describes. For each light beam, we descretize the beam axis, and

at sample pointz;, we evaluate beam parameters using
4. METHOD Egs. (24), (28) and (29). Although it is desireable to in-
crementally sum up the momentat Ms(z;) as:
This section describes implimentation issues of the pro-
pose_d method. To render shafts of light, we cal_culate the Ma(zi41) = Ma(2;) + 6Ms, (38)
line integral, Eq. (37), per pixel. As shown in Fig. 2-(a),
points#; is sampled along the viewing ray path, ahdand the incremental termM, depends on al) < z < z; as:
1, are calculeted to sum up the integral. We implemented
this calculation in three steps: ‘
e calculation of the beam parameten$z) and3(z), ac- SMy = Y (pnlz;)0s) exp(—04((2))[C(2:)?
croding to Egs. (28) and (29), j=0
: : o i — Bzj /Y5 (2)) 25 (2))]02, (39
e setting the integration intervaj to 7,,, = 2/%6(2)) Ya(2))0, - (39)
whered, is the sampling interval. This apparently involves
i-times calculations for théth evaluation, and thus, naive
implimentations cos(n?) to evaluate it fromz to z,,.
The first step was implemented on a CPU as a pre-Fortunately, however, we can re-organize Eq. (39), so as to
process, while the second and third ones on a GPU executedllow us to evaluate in a linear order.

e calculatel,;(r;) and I,4(#;) according to Eq. (34) and
sum them up.
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Putting Egs. (18) and (17) into Eqg. (39) and arranging
terms according to dependencieszgryields:

(a) photon counting (b) single scattering

(5M2(Zl) = (B + B + O’SBC(ZZ‘))Fl +
(—QBZ)FQ + BF3 + (—USBzz)F4(4O) IR (c) direct integral (d) proposed method
Fi(z) = Y By, (41)
j=0
i z 0
Fy(z) = ZEOzj5Z7 (42) _ , o ,
i=o Figure3: Comparisons of calculated distribution functions
i (V). 0: = 1.0, 05 = 0.95, anddf = 40 degs.
F3(Zl) = ZE()ZJQ-(SZ, (43)
jjo depths. In the second pass, we set up the integral interval
N ‘ lp andi, at each pixel according to the maximum/minimum
Falz) = ;EOC(ZJ)(SZ’ (44) boundary depth values. Then, the integral is evaluated by
summing up
Ey = p(zj)osexp(—os * ((2;)). (45)
Using these formulae, the integral can be performed in an beam Ty 0
incremental manner by: d N E;[EXP( 7(1i))os (p(s; s0) Iralli) +
Fi(zi) = Eob,+ Fi(zi-1), (46) Tazi, mi)lo (56)
Fy(zi) = Eozib. + Fa(zi-1), (47) la(z,73) = PusW(zimi) (57)
Fy(z) = FEo26, + Fy(zi-1), (48) Uz, %) = a(z)1/|r])G(|ril/B(z)), (58)
Fi(z) = C(=)8: + Fi(zioa), (49) o= hae (>9)

6 M3 (2;) ((B+ Bi) + 0sB((2:)) F1(z:) + whereé and!; denotes the view point and the distance be-
(—2Bz)Fy(z;) + BF3(z;) + tween the view point and sample point, aindepresents the
(—0sB22)Fy(z) (50) sampling interval.

May(z;) = Ma(zi—1) + 6 Mo, (51)
My(z) = exp(—oaC(2)) 5. EXPERIMENT
(1 — exp(~05((2:))) (52) We evaluated distribution functions by: (a) photon count-

ing (reference), (b) single scattering, (c) direct integration of

The beam parameters atare then calculated by: Eq. (15), (d) the proposed method based on Eq. (27). Fig.3

B(z) = 3(Ma(z)/Mo()) (53) shows as color-coded the distributions measured by the four
N N 54) rr_1ethods. As seen in the figure, the proposed method pro-
olz) = 2Mo(z)/F (z:). ( vides a much better result (RMS= 0.20) than those from the

This step also determines the boundary tube that specifiesd'reCt integral (RMS= 0.31) and from the single scattering

the integral intervals. Given a threshold;,, we search the m?:t_hog S(E(I)\/Iss,:re(:)ni?red images of a beam in a uniform scat
smallest radius:" such that: '9. W imag inaun ]

tering medium by: (a) path-tracing, (b) the direct calculation
U (2, ) < Uy, (55) (Eq. (15)), (c) the single-scattering approximation, and (d)

the proposed method. As seen in the figure, although the

for eachz; and construct the boundary tube usiri as the direct calculation does not provide good approximation, the

radius of the tube af;. Fig. 2-(b) shows an example. proposed method created better result (RMS=0.18).
We implemented the method on a GPU. Fig.5 shows an
4.2. RUN-TIME PROCESS example result, showing a city with red laser beams shoot-

ing upperward. The computation time was 160 msec for
The run-time process was implemented on a GPU in two light shaft rendering (90 msec for other rendering), on a
passes. In the first pass, we draw the boundary tubesWindows PC (Intel Core i7-3770K @3.50GHz, GeForce
from the view point and keep their maximum and minimum GTX 690), at the resolution of 648 480. We consider



(a) path tracing  (b) single tracing

(c) direct integral (d) proposed method

Figure 4: Comparisons of generated images of a shaft of
light. A beam source is located in left-middle of the image. [2]
oy = 1.0, 05 = 0.95, anddf = 40 degs.

3]
it possible to reduce the computation cost by tightening the
boundary tube, which is currently rather loose (Fig. 2-(b)).

We also consider that another important factor would be
sampling strategies of the integral. Although we currently
apply a simple uniform sampling, better adaptive sampling
could reduce the number of samples while avoiding aliasing [4]
artifacts.

There are a few limitations on the method. The method
only deal with a Gaussian or sum of Gaussian beams and 5]
can not handle sharp-cut spot lights. Another limitation
is that the method does not correctly handle shadowing: it
simply skip shadowing regions from the integral intervals.
Future stadies include to ease these limitations in addition [6]
to further acceleration of the method.

6. CONCLUSION

This paper proposed an efficient and reasonably accurate
method simulating multiply scattered light emitted from
spot and beam light sources. This method utilizes the nar-
row beam theory, which analytically approximates multiple
scattering phenomena for concentrated beam light sources.
Although naive applications of the theory does not allows
satisfactory image synthesis, we successfully adopted the
theory into a ray-marching scheme and obtained much im-
proved results.
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Figure 5: An example image generated by the proposed
method.
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