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ABSTRACT

Many-light rendering methods that simplify complex illu-
mination calculation into a simple sum of the illumination
from virtual point lights (VPLs), have attracted attention.
Although the accuracy of many-light rendering can be en-
hanced by using a large number of VPLs, this significantly
increases the computation time. To address this problem,
we propose a cache-based efficient VPL sampling method
to conduct the many-light rendering of participating me-
dia. Our method distributes cache points over the scene,
calculates the contributions from all VPLs, and constructs
a probability function that is perfectly proportional to the
contributions from all VPLs. Using a probability function
interpolated from those recorded at nearby cache points,
our method applies an importance sampling process to the
VPLs. An experimental evaluation demonstrates that the
proposed method achieves 50 times speedup compared to
the method of summing all VPL contributions.

1. INTRODUCTION

Rendering homogeneous participating media such as fog,
mist, and haze has been a challenging problem in the field
of Computer Graphics. To render realistic images of scenes
including participating media, both the reflected radiance
from surfaces of the scene and the scattered radiance along
the viewing ray are computed. In this paper, we refer to the
point where the reflected radiance or the scattered radiance
is calculated as shading point. Multiple scattering of light
plays an important role to render realistic images of par-
ticipating media, and several methods, such as volumetric
photon mapping [1] and Metropolis light transport [2], have
been proposed. However, simulating multiple scattering of
light is computational expensive, and this makes it difficult
to render scenes including participating media efficiently.

To render participating media with multiple scattering
of light, Raab et al. [3] introduced an instant radiosity
method [4]. Many-light rendering, which is the extension of
instant radiosity, approximates the multiple scattered light
with virtual point lights (VPLs) [5] and variants [6, 7].

(a) reference (b) ours (c) uniform sampling

Figure 1: Rendering results of crytek sponza filled with
homogeneous participating media. (a) reference image
(367.32min) rendered by summing up all VPL contribu-
tions. Equal-time comparison between (b) our method
(6.90min) and (c) uniform sampling (6.93min). Close-up
images for the reference, our method, and uniform sampling
are shown in the bottom.

The accuracy of many-light rendering increases with re-
spect to the increase in the number of VPLs. As these
methods [3, 5, 6, 7] accumulate contributions from all vir-
tual lights, they also have extensive computation times. To
accelerate many-light rendering, acceleration methods by
clustering VPLs [8] and variants [9] have been proposed.
However, these methods may suffer from errors due to clus-
tering. Rather than clustering the VPLs, importance sam-
pling methods [11, 12] have been proposed. These impor-
tance sampling methods, however, do not handle participat-
ing media.

To address this problem, we propose an importance sam-
pling method of VPLs using cache for homogeneous par-
ticipating media with isotropic scattering. Cache points are
distributed both on the surfaces of the scene and inside par-
ticipating media. Then, contributions from all VPLs are
recorded at each cache point, and the probability function
which is perfectly proportional to the contributions from all
VPLs are constructed. The probability function to sample
VPLs at each shading point is interpolated by those stored at
nearby cache points. As shown in Fig. 1, our results demon-
strate that our method can render images an order of magni-
tude faster than the reference solution, and our method can
produce better-quality images than uniform sampling in an
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equal-time comparison.

2. RELATED WORK

As the rendering of participating media has been extensively
researched, we only review previous methods related to both
participating media and many-light rendering. For further
details on either approach, readers are referred to thorough
surveys on participating media [13] and many-light render-
ing [14].

Raab et al. [3] proposed a rendering method for partic-
ipating media using instant radiosity [4], and Engelhardt
et al. [5] developed a many-light rendering framework for
participating media using VPLs. These methods calculate
the scattered radiance at each shading point on the view-
ing ray by summing all VPL contributions, which results in
excessive computation times. Novak et al. [6] introduced
virtual ray lights (VRLs), which represent virtual light with
line segments, to alleviate the singularities that arise from
VPL rendering, and extended VRLs to virtual beam lights
(VBLs) to further eliminate singularities [7]. As these meth-
ods accumulate contributions from all virtual lights, they
also have extensive computation times.

To accelerate many-light rendering, Walter et al. [8] pro-
posed the concept of multidimensional lightcuts by cluster-
ing the VPLs. Frederickx et al. clustered VRLs to acceler-
ate the rendering of participating media [9] based on Light-
Slice [10]. However, these methods may suffer from errors
due to clustering.

Thus, rather than clustering the VPLs, importance sam-
pling methods [15, 16] have been proposed. These impor-
tance sampling methods, however, cannot handle partici-
pating media. To increase the rendering efficiency, several
cache-based methods (e.g. [17]) have been developed. The
main focus of these approaches is to accelerate the radiance
calculations for surfaces.

To render participating media efficiently using a cache,
Jarosz et al. [18] proposed a radiance caching method
whereby the inscattered radiance is calculated by directly
extrapolating the radiances stored at the cache points. Since
this method is orthogonal to our method, it would be pos-
sible to incorporate the radiance caching method into our
method for further acceleration.

Georgiev et al. proposed an importance caching
method [11] that samples VPLs based on their contributions
at nearby cache points, and Yoshida et al. [12] developed an
adaptive importance caching method that inserts additional
cache points where there are large variations in VPL contri-
butions. However, none of these methods can handle partic-
ipating media.

Our method extends the importance caching methods [11,
12] to render homogeneous participating media. Our tech-
nical contribution is the generalization of the importance

light source light source

(a) (b) VPL

Figure 2: (a) Light transport in participating media. Direct
illumination from the light source and indirect illumination
(multiple scattered light and multiple reflected light) are in-
cident on shading points xv and xs. (b) Many-light render-
ing methods represent direct and indirect illumination with
VPLs.

caching method to volumetric scattering. By distributing
cache points within participating media and constructing
probability distribution functions proportional to the contri-
butions of VPLs, our method can render satisfactory results
compared to the reference solution.

3. VPL RENDERING OF PARTICIPATING MEDIA

In this section, we first review the rendering equation for
participating media, and then describe the radiance calcu-
lation using VPLs. In the following, we denote the partic-
ipating media and the surface in the scene as V and A, re-
spectively. The radiance L(xo, ωo) that reaches viewpoint
xo along viewing direction ωo in a scene including partici-
pating media (see Fig. 2) is calculated as:

L(xo, ωo) = τ(xo, xs)Lr(xs, ωo) +

∫ T

0

τ(xo, xv)Li(xv, ωo)dt,

(1)

where xs is the intersection point between the viewing ray
and the surface in the scene, τ(x, x′) is the transmittance
between x and x′, Lr(xs, ωo) is the reflected radiance at
xs ∈ A, T is the distance between xo and xs, Li(xv, ωo) is
the inscattered radiance inside the participating media, and
xv = xo − tωo, where t is the distance from xo to xv . To
compute Eq. (1), we require the reflected radiance Lr at xs
and the inscattered radiance Li at xv . In the following, xs
is referred to as the surface shading point, and xv is the
volume shading point. Both Lr and Li can be calculated in
a unified way as:

L(x, ωo) =

∫
A∪V

L(y, x)f(y, x, xo)G(x, y)V (x, y)dµ(y),

(2)

where L(y, x) is the radiance from y to x, V (x, y) is the
visibility term that returns 1 if x and y are mutually visible
and 0 otherwise, f is the generalized scattering function that
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returns the phase function fp if x ∈ V or the surface BRDF
fr if x ∈ A, and G(x, y) is the generalized geometry term
given by G(x, y) =

Dx(y)Dy(x)σ(x)τ(x,y)
||x−y||2 , where Dx(y) re-

turns 1 if x is in the volume while Dx(y) returns nx · ωxy
if x is on the surface where nx is the normal at x and ωxy
is the unit vector from x to y; Dy(x) is defined in a similar
way. σ(x) returns the scattering coefficient σs(x) if x ∈ V ,
and 1 otherwise. dµ(x) is the differential measure that rep-
resents dV(x) if x is in the volume, or represents dA(x) if
x is on the surface. As shown in Fig. 2(b), many-light ren-
dering approximates the radiance L(y, x) in Eq. (2) using
VPLs as the following equation:

L(x, ωo) ≈
Nvpl∑
i=1

L(yi, x)f(yi, x, xo)G(x, yi)V (x, yi),

(3)

where Nvpl is the number of VPLs and yi is the i-th
VPL. To render the participating media faithfully, a large
number of VPLs are required. In this case, summing
L(yi, x)f(yi, x, xo)G(x, yi)V (x, yi) for all VPLs is com-
putationally expensive. Rather than summing all VPL con-
tributions, L(x, ωo) can be estimated using importance sam-
pling as follows:

L(x, ωo) ≈
1

N

N∑
n=1

L(yn, x)f(yn, x, xo)G(x, yn)V (x, yn)

p(yn)
,

(4)

where N is the number of samples, yn is the n-th sampled
VPL, and p is the probability function. VPL sampling incurs
a variance Var[L(x, ωo)], which is calculated as:

Var[L(x, ωo)] =
1

N

N∑
n=1

(
L · f ·G · V

p
− L̄

)2

p, (5)

where L̄ is the true value of L(x, ωo) (we have omitted
the function arguments for brevity). As shown in Eq. (5),
the variance Var[L(x, ωo)] decreases when p is close to
L·f ·G·V

L̄
. However, constructing p close to L·f ·G·V

L̄
is diffi-

cult, because computing L̄ involves summing all VPL con-
tributions.

4. PROPOSED METHOD

The proposed method consists of a preprocessing step and a
rendering process. Fig. 3 shows the pipeline of our method,
in which a probability function p is constructed to be as pro-
portional as possible to the VPL contribution L · f · G · V
by using a cache. Our method distributes cache points c
both on the surfaces in the scene and inside participating
media. Cache points on the surfaces are referred to as sur-
face cache points cs ∈ A, and those inside volumes are

called volume cache points cv ∈ V . All VPL contribu-
tions L(yi, c)f(yi, c, xo)G(yi, c)V (yi, c) are calculated at
each cache point c. Therefore, the constructed probability
function is perfectly proportional to the VPL contributions.
The probability function at each shading point is then in-
terpolated according to the probability functions stored at
nearby cache points, which are expected to be proportional
to the VPL contributions, resulting in less variance.

4.1. PREPROCESSING

In the preprocessing stage, our method generates VPLs,
shading points, and cache points. VPLs are generated using
the method described in a previous survey paper [14]. To
generate surface shading points xs, our method traces rays
from the viewpoint xo. The intersection points between the
rays and the surfaces of the scene are regarded as surface
shading points xs. Volume shading points xv are located
uniformly along each segment xoxs (other sampling tech-
niques [3, 19, 20] can also be used). To generate surface
cache points cs, our method randomly samples the surface
shading points, whereas volume cache points cv are ran-
domly sampled from the line segments between the view-
point and the surface shading points. For each cache point,
the VPL contribution L(yi, c)f(yi, c, xo)G(c, yi)V (c, yi) is
computed, and the probability function p(yi) is calculated
as:

p(yi) =
L(yi, c)f(yi, c, xo)G(c, yi)V (c, yi)∑Nvpl

j=1 L(yj , c)f(yj , c, xo)G(c, yj)V (c, yj)
. (6)

4.2. RENDERING

To render a scene including participating media, the re-
flected radiance Lr and the integral of the inscattered ra-
diance Li along the viewing ray is calculated as shown in
Eq. (1). As the integral of the inscattered radiance Li cannot
be calculated analytically, we use a ray marching method:

L(xo, ωo) ≈ τ(xo, xs)Lr(xs, ωo) +
K∑
k=1

τ(xo, x
k
v)Li(x

k
v , ωo)∆,

(7)

where xkv is the k-th volume shading point along the view-
ing ray, K is the number of volume shading points at each
viewing ray, and ∆ = T/K. Lr and Li are estimated us-
ing Eq. (4). To estimate Lr and Li with less variance, our
method calculates the probability function p by interpolat-
ing the probability functions stored at nearby cache points.
To calculate p at each surface shading point xs, only the sur-
face cache points are used, because the VPL contribution at
surface cache point cs can differ from that at volume cache
point cv , even if cs is located very close to cv . This is be-
cause the generalized geometry term G takes into account
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surface cache point

volume cache point

light source

VPL
(a) (b) (c) (d)

Figure 3: Rendering pipeline of our method. In the preprocessing step, VPLs, shading points, and cache points are generated
(a). For each cache point, contributions from all VPLs are normalized to calculate the probability function p (b). In the
rendering process, nearby cache points are searched at each shading point (c). The probability function p at each shading
point is interpolated using the probabilities at nearby cache points. A small number of VPLs are sampled to estimate the
inscattered radiance at volume shading point xv (d).

the direction of the normal for the surface shading points,
whereas the geometry term for the volume shading points
does not consider the normal direction. For the same rea-
son, only volume cache points are used to interpolate p at
volume shading points.

Our method calculates the probability function by inter-
polating the probabilities stored at cache points. However,
a naive interpolation method may fail to sample VPLs with
large contributions, as shown in Fig. 4(b). In this case, the
contribution from y4 is zero at cache points c1 and c2 be-
cause of occlusion effects, and thus the probability func-
tion p(y4) is zero at c1 and c2. This causes the interpo-
lated probability p(y4) at xv to be zero as well, and so y4

is never sampled although it has a large contribution. To
address this problem, our method employs multiple impor-
tance sampling of the interpolated probability functions and
uniform sampling. The probability function p(yi) for the
i-th VPL yi is calculated as:

p(yi) =

(∑M
m=1 wmp(cm) + wupu

)
∑M
m=1 wm + wu

, wu =

∑M
m=1 wm
M

,

where M is the number of nearby cache points (M = 3 is
used in our examples) and pu is the probability function of
uniform sampling (i.e., pu = 1/Nvpl). wm is the weight of
cache point cm, and wm = 1

||cm−xv||2 for volume shading
points. The weight wm for surface shading points is calcu-
lated using the method described in [21].

5. RESULTS

Fig. 1 shows comparisons between (a) the reference solu-
tion that sums up all VPL contributions, (b) our importance
caching method, and (c) uniform sampling of VPLs. The
resolution of all images is 512 × 512. The computation
times for Fig. 1 were measured on a PC with an Intel Xeon
E5-2600 v2 2.80 GHz Core2 CPU. All computations were
performed in parallel using multithreading. The numbers of

VPLs, cache points, and samples are 15k, 30k, and 150, re-
spectively. The computation time of our method (Fig. 1(b))
for preprocessing is 156.9s and that for rendering is 257.1s.
The computation time of uniform sampling (Fig. 1(c)) is
415.8s. The root mean square error (RMSE) of our method
is 0.0354, while that of uniform sampling is 0.1483. That
is, in equal-time comparison, the proposed technique results
in less noise than the uniform sampling method. The com-
putation time of reference solution (Fig. 1(a)) is 6.12h. As
shown in Fig. 1, our method produces plausible images that
are comparable to the reference solution an order of magni-
tude faster than the reference technique.

Fig. 5 shows equal-time comparisons of our method with
the rendering given by uniform sampling and power sam-
pling, which samples VPLs based on the radiance of VPL
L(yi, x) for Conference scene and Sponza scene. Error
images compared with the reference solution, which sums
all VPL contributions, are also shown. The computational
times for Conference scene are (a) 2.79h, (b) 3.07min, and
(c) 3.14min, respectively, and those for Sponza scene are (a)
4.93h, (b) 5.09min, (c) 5.05min, respectively. The computa-
tional times for power sampling are omitted since those are
almost similar to those of uniform sampling. The numbers
of VPLs, cache points, and samples for Conference scene
are 10k, 15k, and 100, respectively, and those for Sponza
scene are 15k, 30k, and 150, respectively. RMSEs of (b)
our method and (c) uniform sampling are 0.0238 and 0.111
in Conference scene, and RMSEs of (b) our method and (c)
uniform sampling for Sponza scene are 0.0146 and 0.111,
respectively.

As shown in Fig. 5(a) and (b), our method produces less
noisy images that are comparable to the reference solu-
tion an order of magnitude faster than the reference tech-
nique. In addition, an equal-time comparison shows that
the proposed technique results in less noise than the other
two methods. The chairs under the table in Conference
scene and the columns in Sponza scene, show that the im-
ages rendered using uniform sampling and power sampling
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contain significant noise due to occlusions. The proposed
method produces less noisy images, because our approach
constructs the probability function by taking into account
the visibility between VPLs and cache points.

Fig. 6 shows comparisons between our importance
caching method and the importance sampling method that
uses the probability function proportional to L · f ·G. That
is, the importance sampling method calculates the VPL con-
tribution except for the visibility V at each shading point for
all the VPLs. Then the probability function which is per-
fectly proportional to LfG is calculated and used to sample
VPLs. Error images compared with the reference solution,
which sums all VPL contributions, are also shown. The
computation times were measured on a PC with an Intel
Xeon E5-2697 2.70 GHz Core2 CPU. In Fig. 6, the num-
ber of VPLs is 100k, and the numbers of samples for our
method (Fig. 6(b)) and the importance sampling based on
LfG (Fig. 6(d)) are 128 and 16, respectively. The com-
putation times of our method and the importance sampling
method are 674s and 1807s, respectively. As shown in
Fig. 6(c) and (e), our method can render less noise images
compared to the importance sampling method.

5.1. LIMITATION AND DISCUSSION

Since our method is based on many-light rendering, our
method inherits from limitations of VPLs. Similar to the
traditional VPL rendering methods, our method generates
diffuse VPLs that limit the generalized scattering function
to diffuse reflection and isotropic phase function.

Our method requires a large number of cache points
compared to importance caching [11] that distributes cache
points on surfaces of the scene. This results in a large com-
putational time for preprocess. However, the total com-
putational time including preprocess and rendering process
achieves an order of magnitude faster than that of the refer-
ence solution.

(a) (b)

Figure 4: (a) Small correlation of VPL contributions at cs
and cv due to G. The contribution from y5 at cs is small,
as the incident direction ωcsy5 is almost perpendicular to
the normal ncs , whereas G at cv is irrelevant to the incident
direction. (b) The contribution made by y4 to c1 and c2
differs significantly from that at xv because of occlusions.

6. CONCLUSIONS

We have presented a technique that applies importance sam-
pling to VPLs for the many-light rendering of homogeneous
participating media. Using cache points, our method con-
structs a probability function that is proportional to the VPL
contributions. This makes it possible to render plausible im-
ages of participating media by sampling a small number of
VPLs, resulting in speedup of an order of magnitude com-
pared to the reference solution.

In future work, we will apply our method to heteroge-
neous participating media with anisotropic scattering.
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Figure 5: Rendering results of Conference scene (top row) and Sponza scene (bottom row). (a) Reference image rendered
by summing all VPL contributions. Equal-time comparisons between (b) our method, (c) uniform sampling, and (d) power
sampling. Rightmost images show error images for our method, uniform sampling, and power sampling respectively, as
compared with the reference image.
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Figure 6: Rendering results of Sponza scene. (a) Reference image rendered by summing all VPL contributions, (b) our
method, (c) error image of our method, (d) importance sampling based on the product L · f · G, and (e) error image of (d).
The color bar for (c) and (e) is shown in the rightmost image.
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